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peced greacer things from his pregnant and fagacious
Wit. For he was {carce 20 Years of Age when he held
thefe Correfpondencies with Mr. Crabtrie. And at the
Age of 23. he was Killed at Marflon-Moor-Battle, on
Fuly 2. 1644. fighting for King Charles1. His Father
was Henry Gafcoizne Efq; of sliddleton, between. Leeds

and Wakefield.

1V. dn Attempt towards the Improvement of the Me-
thod of approximating, in the Extraétion of the
Roots of Equations in Numbers. By Brook Tay-
lor, Secretary to the Royal Society.

i N Phil. Tran. No. 210. Dr. Flalley, now Secretary of
the Royal Society. has publifh’d a very compendious
and ufeful Method of extraéting the Roors of affe@ed
Equations of the common Form, in Numbers. This
Method proceeds by afluming the Root defired nearly
true to one or two Places in Decimals (which is done
by a Geometrical Conftruction, or by fome other con-
venient way) and correting the Affumption by com-
paring the Difference between the true Roor and the
aflumed, by means of a new Equation whofe Root is
that Difference, and which he thews how to form from
the Equation propofed, by Subftitution of the Value
of the Root fought, partiy in knowa and partly in un-
known Terms. )

In doing this he makes ufe of a Table of Products
(which he calls Speculum Analyticum,) by which he com-
putesthe Coefficients in the new Equation for finding
the Difference mentioned. This Table, I obferved,

was formed in the fame Manner from the Equation
pro-
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propos’d, as the Fluxions are, taking the Root {oughe
for the only flowing Quantity, its Fluxien for Uniry,
and after every Operation dividing the Produc fuccef-
fively by the Numbers 1, 2, 3, 4, ¢&¢ Hence I foon
found that this Method might eafily an! naturally be
drawn from Cor. 2. Prop. 7. of my Methodus Incremenso-
rum, and that it was capable of a further degree of Ge-
nerality ; it being Applicable, not only to Equz-‘ons of
the common Form, (viz. {uch as confit ot Terms where-
in the Powers of the Root fought ars pofitive and inte.
gral, without any Radical Sign) but ailo to Il Sxprel-
fions in general, wherein any thing is;propofed as given
which by any known Method might be compured ;5 if
wice versa, the Root were confider’d as given : fuchasarc
all Radical Exprefiions of Binomials, Trinomials, or of
any other Nomial, which may be computed by the Root
given, at lealt by Logarithms, whatever be the Index
of the Power of that Nomiat; as likewile Expraflions of
Logarithms, of Arches by che Sines or Tangents, or
Arcas of Cutves by the 44fif[4s or any other Fluents,
or Roots of Fluxional Equations, ¢re.

kor the fake of this great Generality, it may sot be
improper to fhew how this Method is derived from the
forefaid Corollury. - Therefore z and x being two flowing
Quantitics (whofz Relation to one another may be ex-
preft - by any Fquation whatfoever)- by this Cerollary,
while z by ilowmg uniformly becomes. = -<v, x will

x ; G .
become ¥ - — v -} - v - = v - G
Lz I.2% T.2.3%

. . 2 .: 3
xvV x vV x 0 . .
or x -~ — -}- - -t ¢he. for z putting I.
X IX» ' X.2.3

Hence if y be the Roor of any Expreffion formed of
y-and ‘known QGuantities, and {uppoled equal to nothing,
and
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and z be a part of y, and x be formed of z and the
known Quantities, inthe fame manner as the Expreffion
made cqual to nothing is formed of y; and let y be equal
to z -} v: the diflerence v will be found by Extra&ing

XV  xv° X%
the Root of this expreflion x 4- — - 4

r T2 I.2. 3
- &c. = o. Forinthis Cafe z being become z - v =3y,

. x v
%, which is now become ¥ - xv-}- — - e
2
muft become equal to nothing.

The Root v inthe Equation x -]- it -1 ki 4+ -

t 1.2 1.2.3

- ¢re. = 0, is to be found upon the Suppofition of its

being very {mall with refpect to z, (as it muft be, if

z be taken tolerably exa@) by which means the Terms

0l ot

T A -}- ¢&¢. may be negle&ted, upon ac-
1.2.3 1.2.3.4

count of their fmallnef$ with refpet to the other Terms,

fo as to lcave the Equation x - i - alid

I

x v

=0, for
1.2
finding the firft approximation of w.

By extra&ting the Root of this Equation, we have

x” 2 x x

.'v::.\/..—;-- e T Tha:is.
*° % x
T -
X 2X x B
Firth, v 7 —— — =, iffx+xvi{-—=0
X X x
x xv"

P % x 2
Thigdly
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N X X . x V"
3=V o =, if X —x v —, & =o0.
X x .'x‘ 2
- "
x 2x
o — —V = -+ —, it —-—x——-x'v-\——————é‘c..__o.
X X x 2

This approximation gives v exat to twice as many
places as there are true Figures in z, and therefore tre-
bics the number of true Figurcs in the Expre(fion of y by

z - v, which may be taken for a new Value of 2, for
computing a fecond v, {eeking other Values of x, x, x,
¢re. Tho when z is tolerably exadt (which it may be
efteem’d when it contains two or three or more truc
Figures in the Value of y, according to the Number of
Figures the Root is propoféd to be computed to,) the
Calculation may be reftord without fo much trouble,

o 2 X 2 2

only by taking V —t— vl — -w'

x 2.3x I.2:3.4x
‘2

x 2 X . .
&e. inftead of v/ — = — rtaking every time for v
X X

its Value laft computed.

x v

) . x U
From the {fame Equation x -|- x v - 4
I.2.2
pJ

D]

Ao @e. =0, may be gather’d alfo a ratmnal Form, Viz.

ac.

- For neglecting the Terms
X x I .2..3
§— —

2 %

R

—_x . —
we have v — ———— which is nearly — ——. There-
X
W |
X~ —v
r 2

X

— X

fore in the Divifor inftead of v writing we have
x

Bbbbb - more
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— X

more exaltly v — — thatis
x
XK —
2 x
—_— X v*
I .Wl1enx+xv‘————-éfc-o.
% X 2
—
2«
x vt
2. , when —x - x v - — . =o.
. 2
x—]———,
2 x
x x v
3. ——=—, whenx — xv - e = o
x X
X —
2 x
—_ L, x
4 s Whent — x — x v - ¢r.=o.
.oxx 2
x - —
2 %

'This Forrnla will alfo triplicate the number of truc

Figuresinz. And the Calculation may be re cated, af-
. . - « e . x*
ter every Operation, taking for a Divifor x - — v -
2
: ¥ v N X
~- -+ @re. inftead of x —}— —
1.2.3 I.2.

Dr. Halley has fully explain’d the manner of uﬁng both
thele Formula’s in Aquations ef the comuon Form;
wherefore I fhall be the fhorter in cxplaining two or
three Examples of another fort.

Ex. 1. Let it be propofed to find the Root of this E-
quation y* 2 11V <=y — 16 =—— o. In this Ca'z, for
y writing 2, and for o writing x, we have z* - 1V’

,.:,.c'v

o
b
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4 2z~ 16 = x. Whence by taking the Fluxions,
we have x—2V 2 szém[‘/l_' -+ 1, and x =
2vV2 X8 —4v 22 X ¢ 1|V For finding
the firft Figures of the Root y, for # 2 take %, and we

have the Equation y* - 1 - 9y — 16 = 0, whichbeing
expanded gives y° -+ 3 y* 42 y* J- 329 — 255 =o.

By this Equation I find that for the firft {uppofition
we may take z =— 2. Therefore in order to find v, let
us now make v/ 2 — I, (which is necarer than before}

and we have ¥ = 2* - 1) 4% — 16 =2 1 1 —14
=45 —14=—4,48; x==10,66; x = 4,72. Whence
4,48 .
66147 X 4.4
10,66+ 2 X 10,66
—o, 38; which muft be too big, becaufe < v 2, and
therefore will require a larger Value of y to exhauft the
Equation, than where ¥ 2 isexac.  For the fecond {up-
pofition therefore, let us take z—12, 3, and makev' 2
— 1, 4142136, and by help of the Logarithms we fhall
have z* |- 11V = 13, 47294, whence x — — 0, 22706;
x=14, 93429, and x==5,18419. Hence by the 24

v v 1093429, O, 45412

5,18419° 1 5,18419
I%%% — o, o516, which gives y = 2z - v =
2,’;’1516, which is true to fix Places. If you defire
it more exa& than to the extent of the Tables of
Logarithms, taking 2=12,31516 for the next {uppo-
fition, the Calculation muft be repeated by computing of
zz -+ 11V7 to a fufficient number of Places; which muft
be done by the Binomial Series, or by making a Loga«
Bbbbb2 rithm

by the fecond rational Formv —

e,

irrational Formula
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rithm on purpofe, true to as many places as are nceef

fary,

}}x II. For another Example, let it be required to find
the Number whofe Logarithm is o, 29, fuppofing we had
no other Table of Logarithms but Mr. Sharps of 200 Lo-
garithms to a great many places. This amounts to the

refolving this Equation /y = o, 29, or/y —0,29=o0.
Hence therefore we have x —Ix — 0,29, x— % (4
being the Moduius belonging to the Table we ufe, viz:

, - —a .. 24 —6a
0, 4342944819, €0.) ¥ = —, a=—, ¥ = ———
z b4 2%

¢e¢. In this Cafe becaufe x has a negative Sign, changing
the Signs of all the Coeflicients, the Canon for v will
be found in the fourth Cafe, which in the irrational Form

2

. pr P 2 x 2 % 2%
givess v —— — Vv — - — — =V —
X x x 2.3 x 2.3:4x
2/2—0,5§8 | 2} 2ot
o=z — v p 2Ty 2T 2T
a 32 4z

27

-+ e ¢re. In this Cafe to avoid often dividing by =, ir
2

- - v " - -
will be moft convenient to compute —, which is got
Z

2/z—o0,48

4 -+

. .
from this Equation — — 11—+ 1+

203 vt v’
- — 2 - - - -, ¢ The neareft Logarithm, in

3z 4z 5z
the Tables propofed, to the propofed Logarithm o, 29
is 0, 2900346114, its Number being 1, 95. Therefore
for the firlt {uppofition taking = — 1, 95, we have »
(=1lz — 0,29 == 0, 2900346114 — ©,29) =
0, 000G
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2z — 0,58 0,0000692213

0,0000346114,and - — .  —
a G, z;};drz‘gqigb iy
, 2lz—0,58

0, 00015939139, -and 1 -~ ——————=1,000i5¢-

29139 Whence for the firft approximation we have
v

=1 V1, 00015935139 == — &, 02007969247,
and v — — C, cC0¥5540032, and y—=2z F v =
1,94582459968. Which is true to eleven places, and

v

3
may eafily be correCed by the Terms -’-’-—— &z, which I

25

leave to the Readers curiofity. -

Being upon the Subject of Approximations, it may
not be amifs to {ex down here two Approximations | have
formerly hit upon.- The one is a Series of Terms for
exprefling -the Root of any Quadratick Equation : and
the other is a particular Method of Approximating in tiiz
invention of Logarithms, which has no occafion ror any
of the Tranfcendental Methods, and is expedirious e-
nough for making the Tables withcut much trouble.

A general Series for expreffing the Root of any Quadratice
Equarion.

Any Quadratick Equation being reduc’d to this Form
xx.—mqx - my =0, the Root x will be expreft by
this Series of Terms.

- X L Oy
x'_q -}-Axqu 1'-}“Bxaz-—«zj‘cxb‘—-b
J
, I : . \
+D X — ¢re. Which muft be thus iaterprered.

1. The Capital Letters A, B, C, ¢c. ftand for the
whole Terms wich their Signs, preceding thole where-
in
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I

2 .

in they are found, as B—=A x
»q _ .

7
2. The lictle Letters 4, b, ¢, &'¢c. in the Divifors, are
equal to the whole Divifors of the Fration in the Terms
immediately preceding ; thusb —a" - 2.
For an Example of this, let it be required to find
v2., Puttingv2—=wx--1, we have x* ;- 2x— 1 —
o, which being compared with the general Formunla, gives

mqg = — 2, and m y === — 1 : therefore for m taking
~— 1, we have g =12, and y === 1, which Values fubfti-
: N I I 1
euted in the Series give ¥ == —- —
2 2X6 2X6X34
|4 ]

Ed

T 2x6xi4XIi54  2X6X34X1154X1331714
e, The Fradtions here wrote down giving the Root
true to twenty three Places.

A4 new Plethod of computing Logarithms. -

This Method is founded upon thefe Confiderations.

1. That the Sum of the Logarithms of any two Num-
bers is the Logarithm of the Produc of thofe two Num-
bers Multiplied rogether.

2, That the Logarithm of Unite is nothings and
confequently that the nearer any Number is to Unite,
the nearer will its Logarithm be to o. 34/y. That the Pro-
du& by Mulriplication of two Numbers, whereof one
is bigger, aud the other lefs than Unite, is nearer to U-
nite than that of the two Numbers which is on the fame
fide of Unite with its {elf; for Example the two Num-
bers being 3 and £, the Produd ; is lels than Unite,
but nearer to it than 2, which is al{o lefs than Unite,
Upon the(e Confidcrations, | found the prefenr Ap-

proximation ;
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proximation ; which will be beft explain’d by an Ex-
ample. Let ir thercfore be propofed to find the Re-
lation of the Logarithms of 2 and of io. In order
tothis, I take two Fractions I—3'—8~an<;l §-, viz, -i-’; and i—é

H{elo) IO 10| 10,
whofe Numerators are Powers of 2, and their Denomi-
nators Powers of 10; one of them being bigger, aad
the other lefs than 1. Having fer thele down in Deci-
mal Fra&ions in the firft Column of the Table annexr,
againft them in the fecond Column I fet A and 2 for
their Logarithms, cxprefling by an Equation the manaer
how they are Compounded of the Logarithms of 2 and
10, for which I write /2 and /1o, Thea Multipiving
the two Numbers in the firl Column togeiker, | have
a third Number 1, 624, agzinft which [ writz C for its
Logarithm, exprefling lircvifc by an Equation in whac
manner C is formed of tiac foregoing Logarithms A ana B.
And in the fame manner 1ns Calculation is continued ;
only obferving this Compenaium, that before I Maitiply
the two laft Numbers already got in the Table, I cenfi-
der what Power of one of ruem muft be ufed to bring
the. Produé the neareft to Unite that can be.  This is
found, after we have gone a little way in thie Table, oniy
by Dividing the Differences of the Numbers from Unite
one by theother, and caking the Quocient with the near-
eft, for the !ndex of the Power wanted.  Thus the two
jait Numbers in the Table being o, 8 and 1, 024, their
Differences from Unit are ¢, 2co and ©, 024 ; therefore

.200 . oy
2222 oives g for the 'ndex; wherefore Multiplying the
024 B . ying

ninth Power of 1,624 by ¢, 8, Uhavethe next Number
9, 990352031429, a\q:mc‘ : ogratam 13 1?;;9 C:‘i-- B.
in feeking the Inios in this mznacr by Divifion of the
Differences, the Guoticas cozhe gunsaally to be taken

wich
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with the leaft: but inthe prefent cafeit happens.to be the
moft, becauft intead of the Difference between o, 8.and
1, we oughe firictly to have taken the difference berween
thereciprocal 1, 2.5 and 1, which would have given the In-
dex 105 and that would be too big, becaufe the Produ@
by that means would have been bigger than 1, as 1,024
15, Whereas this-Approximation requires that the Numbers
in the {irlt Column be alternately greater and lefs than
7, as may be feen in the Table.

When [ have in this manner continued the Calcula-
tion, till I have gor the Numbers {mall enough, ! {up-
pofe the laft Logarichm to be equal to nothing. Which
gives-me an Equation, from which having got away the
Letters by means of the foregoing Equations, I have
the relation of the Logarithms propofed. In this man-
ner if 1 fuppole G —o, thave2136/2—643/10—=0.
Which givesthe Logarithm of 2 truc in feven Figures, and
too big in the Eighth ; which happens becaule the
Number correfponding with G is bigger than Unite.

There is another Expedient which renders this Cal-
culation ftill fhorter. It is founded upon this Confidera-
tion, that when x is very {mall 1 - x" is very nearly
¥ --#x. Heace if 1 --x, and 1 — 2z are the two lakk
Numbers already got in the firft Column of the Table,
and their Powers 1 - x”and 1 — 2z are f{uch as will
make the Produé& 1 - »™ X 1 -- 2" very near to Unite,
m and » may be found thus: 1 -+ x"—=1 J-mx, and

— 2" = I — 7 z, and confequently 1 -« x 1 -- 2
—=a--mx—nz—mnzx,or(negleting mn 2 x) 1 4~
mx — n 2. Make this equal to 1, and we have m:u::
zsxsidl —z: Iy 4-x. Whencex /1 — z-3-2/1 J-x
=0. To give an Example of the Application of this,
ler 1,c24 and o0, 990352 be the lat Numbers in the
Table, their Logarithms being Cand D.  Then we have

1,024




¥,004 =1 4-x, and o, 9903¢2 = I — z, and confequently ¥ =0, 024, and z —
7

o»oowaam.aﬁunsnnnrowm&o Wa in the leaft Numbers is —.  So that for finding the

500
Logarithms propofzd we may have 500 D 201 C = 4851072 — 14603 [10 =0,
which gives /2 = 0, 3010307, Wwhich is too big in the laft Figure; but ir is nearer the
truth, than what is got from the Logarithm F {uppofed equal to nothing. So that by
this means we have faved four Multiplications, which were neceflary to find the Num-
ber 998959 5¢. carrelpondent to F, and which muft bave been had if we would make the

Logarichm truc to the fame Number of places without this Compendium.

o~ T>28c000c00000 | 4 =7 /2 —21)10 /250,28

~ % 800020000000 | B==3 /2 — /10 <0,33

= I, 0240000600002 | C =B 4=10l2—3/l10 >0, 300
O 0, 990352031429 | D =g 2-pB=93/2-—28 110 — <0,30107
« 1,004336277664 | E==2 D ~C=196/2—g9/10 >0, 301020

0, 998959536107 | F==2 E-+D =485 2—1461{0 — —— ——|  <0,3010303
1,000162804165 | G=¢ F-FE=2136 [ 2 — 643 | 10— > 0,30102996
0,999936281874 | H==6 G-}~ F= 13301 l2 — 4004} 10 - — <0,301029997
1, 000035441265 | I ==2 H-}-G==28738 [ 2 — 8651 /10 — ——]  >0,30102999y1
0, 999971720830 | K== I -}-H ==4203902 — 12655410 m———|  <0,3010299959

I, 000007161046 | L= K -}-1 ==70777.02 = 21306 1 10 -t >0, 30102939562
0,099993203514 | M= 13 L4 K=254370 /2 — 76573 J10———| <o0,30102999§67
I, 000000364511 | N =M L == 325147 l2 — 97879 1 10—!| >0, 3010299956635
0, 999999764687 | O == 18 N+~ M= 6107016 /2 —1838395 i 10——{ <0,3010299956640
Com. Ar.235313

o Huwm»w: 0--235313N==2302585825187 annmwNi.ﬁoomﬁ:o. > 0,301029995663987

C ccec
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I have computed this Table {o far, that the Reader
may fee in what manner this Method Approximates ;
this whole Work, as it appears, cofting a little more than
threc Hours time.

V. Proprictates quadam [fimplices SeCtionum Conia
carum ex natura Focorum deduéte s cum Theore-
mate generalide Viribus Centripetis 5 quortim ope Lex
Virium Centripetarum ad: Focos Sectionum tenden-
tium, Velocitates Corporwm in illis - revolventium,
& Defcriptio Orbium facillime determinantur. Per
Abr. de Moivre, R.S. Soc.

it D E Axis Tran{verfus Elliplcos, 40 Axis alter,
v 3 & Ccentrum Sectionis. Sic P punctum quodvis
in circumferentia ejus; P Q Tangens curve ad P, oc-
currens Axi Tranfverlo ad Q; pun&a S, F Foci; C P,
C X f{emidiametri Conjugata ; 7 77 Semilatus retum
ad diametrum P C; P G normalis'ad Tangentem, cui oc-
currat /G, perpendicularis ipfi P C A, in puncto G, ut
fiat PG radius Curvature Ellipfeos in pun&to P: fint
ctiam 87, CR, FV perpendiculares in Tangentem
P 2 _demifix: Jungatur SO, & demittatur in Axem
normalis P L. His pofitis, Dico quod,

I. Recangulum [wh diftantiis ab utroque Ellipfeos Foco,
fve SP Xt F aquale eff quadrato Semidiametri C K.

Demonftratio.
PS8q=PCqg1-CSq—2CS X CLper r3 Y.Elem.
PFg=PCqg-1-CSq-+2C8 x CL per 12. Il Elem,
Unde FSq P Fg=2PCqg+42CS89q
Jam P S 4- PF—=DE =12 CD; acpropterea

T8 P Fg-2PSX PF=4(CDyg. Quare



